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f i n d  t h e  a d m i t t a n c e  a t  e a c h  f r e q u e n c y .  I f  the material ls 
n o n l o c a l l y  r e a c t i n g ,  t w o  m e a s u r e m e n t s  must  Be made a t  each 
f r e q u e n c y .  Two m e a s u r e m e n t s  are n e e d e d  b e c a u s e  b u l k  r e a c t i n g  
materials are described by t w o  parameters: t h e  p r o p a g a t i o n  
c o n s t a n t  and t h e  p l a n e  wave impedance. 
T h r e e  impedance t u b e  t e c h n i q u e s  ex is t  for m e a s u r i n g  t h e  
a c o u s t i c a l  properties o f  b u l k  materials.  Scott 131 proposed a 
d i r e c t  method f o r  cases where  t h e  l e n g t h  of t h e  b u l k  r e a c t i n g  
material is e f f e c t i v e l y  i n f i n i t e ,  I t  is n o t  p r e c i s e l y  a n  
impedance t u b e  measurement  because t h e  p r o p a g a t i o n  c o n s t a n t  is 
d e t e r m i n e d  d i r e c t l y  by m e a s u r i n g  t h e  p h a s e  and  a n p l i t u d e  of t h e  
p r e s s u r e  wave w i t h  a m i c r o p h o n e  t r a v e r s i n g  t h e  l e n g t h  of t h e  b u l k  
material. T h e  p l a n e  wave impedance is measured  d i r e c t l y  by 
s i m u l t a n e o u s l y  m e a s u r i n g  t h e  acoustical  p r e s s u r e  a n d  v e l o c i t y  a t  
t h e  s u r f a c e  of t h e  b u l k  mater ia l .  D i n a r d o  141 a n d  Romero 151 
p r o p o s e  ana impedance t u b e  measurement  called t h e  t w o - c ~ ~ v l t y  
method.  A E i n i t e  l e n g t h  o f  b u l k  r n s t e r i n l  is t e r m i n a t e d  EFrwt by 
a h a r d  w a l l  and  t h e n  by a q u a r t e r  wave lenq th  r e s o n a t o r .  The  
p r o p a g a t i o n  c o n s t a n t  and  c h a r a c t e r i s t i c  impedance of t h e  mater ia l  
a r c  d e d u c e d  from a se t  of t r a n s c e n d e n t a l  e q u a t i o n s .  F e r r a r a  a n d  
Sacerdole 161 p r o p o s e  a n  impedance t u b e  measurement  known as t h e  
t w o - t h i c k n e s s  method. Measurements  a re  made u s i n g  two l e n g t h s  o f  
b u l k  mater ia l  t e r m i n a t e d  by a h a r d  w a l l .  A g a i n ,  t h e  a c o u s t i c a l  
p r o p e r t i e s  o f  t h e  b u l k  r e a c t i n g  m a t e r i a l  are d e d u c e d  from a set  
o f  t r a n s c e n d e n t a l  e q u a t i o n s .  
An e x p e r i m e n t a l  c o m p a r i s o n  of t h e s e  t h r e e  t e c h n i q u e s  is 
g i v e n  by S m i t h  171. T h e r e  are t w o  a d v a n t a g e s  to t h e  t w o -  
t h i c k n e s s  and  t w o - c a v i t y  methods.  F i r s t  t h e y  a v o i d  t h e  need  Zor 
m e a s u r c m e n t s  in tttc bulk  mater ia l .  Second,  they g i v e  t h e  ncotzs- 
t i c a l  p r o p e r t i e s  by m a n i p u l a t i o n  of s i m p l e  t r a n s c e n d e n t a l  equa- 
t i o n s .  T h e s e  a d v a n t a g e s  a re  r e t a i n e d  i n  the method p r o p o s e d  
h e r e  i n .  
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Consider  a two-dimensional d u c t  w i t h  
and  a soft w 11 treated w i t h  a n  a c ~ u ~ ~ ~ ~ ~ l  @ria l  on t h e  other 
s i d e .  T h e  axial  wavenumber for e a c h  mode 
d u c t  d e p e n d s  on the! fled p r o f i l e ,  t h e  bow d 
t h e  a c o u s k i c a l  p r o p e r t i e s  o f  t h e  l i n e r  wat 
m e a s u r i n q  t h e  a m p l i t u d e  and  p h a s e  of t h e  l eas t  a t t e n u a t e d  mode 
t h e  l i n e r  properties c a n  be deduced .  The a x i a l  wavenumber c a n  be 
d e t e r m i n e d  from a p r e s s u r e  measurement  made o n  t h e  h a r d  wall s ide 
of t h e  d u c t .  F o r  p o i n t  r e a c t i n g  materials a s i n g l e  measurement  
a t  e a c h  f r e q u e n c y  is s u f f i c i e n t .  For  bulk r e a c t i n g  materials two 
m e a s u r e m e n t s  a t  e a c h  f r e q u e n c y  are rieeded. T h e s e  two measure-  
m e n t s  c a n  be d o n e  w i t h  two t h i c k n e s s e s  ot t h e  l i n e r  material, or 
by p l a c i n g  f i r s t  a h a r d  wai l  and t h e n  a q u a r t e r - w a v e l e n g t h  
r e s o n a t o r  on t h e  exterior, or w i t h  two d u c t  w i d t h s .  The 
i m p o r t a n t  aspect  is to  create c o n d i t i o n s  so t h a t  two d i f f e r e n t  
v a l u e s  of t h e  a x i a l  wsvcnumbcr are measured. 
rb  wax31 on one, 
, 
The method w i l l  be dcscrihez? i n  stages. F i r s t ,  it is 
d e s c r i b e d  f o r  p o i n t  r e a c t i n g  l iners  used i n  u n i f o r m  f l o w  ifkicts, 
The  i n f l u e n c e  of the boundary  c o n d i t i o n ,  t h e  method f o r  t h e  p h a s e  
and  a t t e n u a t i o n  measurement ,  and  s p e c i a l  problems a s s o c i a t e d  w i t h  
tlle a x i a l  e x t e n t  of t h e  l i n e r  are  d i s c u s s e d .  N e x t ,  i t  fs a p p l i e d  
to b u l k  r e a c t i n g  l i n e r s ;  r i g i d  l i n e r s  a r e  c o n s i d e r e d  f i r s t ,  l imp 
l i n e r s  are c o n s i d e r e d  n e x t .  F i n a l l y ,  t h e  i n f l u e n c e  o f  shear i n -  
f l o w  is d i s c u s s e d .  
Two d e s c r i p t i o n s  of b u l k  r e a c t i n g  mater ia ls  are p o s s i b l e .  
One a p p r o a c h ,  w h i c h  we w i l l  n o t  u s e ,  i t  to idttempt t o  d e s c r i b e  
the mater ia l  m i c r o s c o p i - a l l y  and  d e t e r m i n e  sound p r o p a g a t i o n  from 
f i r s t  p r i n c i p l e s .  S i m p l i f i e d  models s u c h  as  t u b e s  j81,  p a r a l l e l  
f i b e r s  [ 9 , l O l ,  and a r r a y s  of spheres f l l l  have been p r o p o s e d .  
I n g a r d  [ 1 2 ]  points o u t  t h a t  “ I f  In s u c h  sBvdie5 empirical  p a r a -  
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meters are introduced? their value is questionable in comparison 
with what can be learned from dimensional analysis or from a 
macroscopic phenomenological approarchew 
This macroscopic approach is described by 
Zwicher and Kosten [131, Beranek [14,151 and Tack and Lambert 
[161. The approach is to write the mass, momentum, and compres- 
sibility equations for the air within the duct liner. These 
equations depend on macroscopic properties such as porosity, 
density, and specific flow-resistivity of the material. A wave 
equation is derived from these fundamental equations. The acous- 
tical description of the waves depends on the propagation con- 
stant and characteristic impedance which, in turn, depend on the . 
macroscopic properties of the material. The experimental tech- 
nique described herein is one that relates the axial wavenumber 
in the flow duct to the propagation constant and characteristic 
impedance in the duct liner. The explicit relation is based on 
the macroscopic description of t h e  liner. However, the method 
can be used equally well if other descr ipt ions of the liner are 
used, provided that: they admit wave-like solutions subject to a 
dispersion relation and a characteristic impedance. 
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2. 
consider a sound wave ~ r o ~ a ~ & ~ ~ ~ ~  in a two-dimensional 
Let x be the axial direction and y be the transverse duct. 
direction. 
there be a point reacting liner characteriz 
a. 
linearized mass and momentum conservation equations. 
tit y = 0 let there he a hard wa = k let 
tkance 
Between the wall the motion of the air is described by the 
D -  u + v p = o  Dt 
c z  - D p i- POVJ.U = 0 Dt 
where 
Here, p p and are t h e  first order perturberations in pressure 
density and velocity, Mc is the mean f l o w  velocity in the axial 
direction, p o  the mean air density, and c is the adiabatic sound 
speed. Wa will search for Propagating waves in the axial direc- 
tion. Hence, assuming all quantities vary as e gives i(k, x-ut) 
which, in turn, gives the wave equation 
5 
where K, = k,/k. 
The sol 3n c a n  be c o n s t r u c t e d  from e l e m e n t a r y  solutions 
i (kxx+kyp-wot)  
p r o p o r t i o n a l  to  e , Thus ,  t n 
i's 
I n  p a r t i c u l a r ,  we must c h o o s e  a s o l u t i o n  t h a t  s a t i s f i e s  t h e  zero 
norma l  v e l o c i t y  r e q u i r m e n t  at y = 0. 
ik ,x  
P = po c o s k  y e  
Y 
c o s k  y e 
u = u s i n k  y c 
ik,x 
i k x x  
- 
ux - uox Y 
Y OY Y 
and  11 i s  f i x e d  by t h e  momentinn The  relation between PO, uox 
e q u a t i o n .  Thus  
Po 
OY 
II_- - { 1 - K x M ) K x  ( l o a )  
pcuox 
The  boundary  c o n d i t i o n  a t  t h e  s o f t  w a l l  is t h e  par t ic le  
b i s p l a c e m e n t  c o n d i t i o n .  T h i s  c o n d i t i o n  assumes a n  f n f i n i t e s i -  
m p l l y  t h i n  l a y e r  of s t i l l  a i r  j u s t  above  t h e  s o f t  wall. The  
par t ic le  d i s p l a c e m e n t  ( € 1  across t h e  shear  l a y e r  s e p a r a t i n g  t h e  
s t i l l  and moving a i r  is t h e  same. Here, t h e  subsc r ip t  E i n d i -  
cates a q u a n t i t y  i n  t h e  moving f l u i d  and  t h e  subsc r ip t  w i n d i -  
cates  a q u a n t i t y  i n  t h e  s t i l l  a i r  j u s t  a b o v e  t h e  s o f t  wal l .  
T h u s ,  
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From t h e  momentum e q u a t i o n  it follows that  i n  t h e  moving f l u i d  
u = -ikil-ICxM)Ef and ‘fn t h e  s t i l l  f l u i  
wal l  u = ikZw. Thus ,  a t  t h e  wal l ,  (l-KXH)u 
t h e  momentum c o n d i t i o n  g i v e s  
Y f  
Y W  
Hence, t h e  a d m i t t a n c e  c o n d L t i o n  g i v e s  
Recall t h a t  t h e  d i s p e r s i o n  r e l a t i o n  g i v e s  K 
w e  cou ld  m e a s u r e  K, and knowing k, L, a n d  M, w e  c o u l d  u n i q u e l y  
d e t e r m i n e  t h e  a d m i t t a n c e  a a t  a n y  f r e q u e n c y  o = ck. For p o i n t  
r e a c t i n g  l i n e r s  o n l y  o n e  m e a s u r a n e n t  n e e d s  t o  be d o n e  b e c a u s e  
t h e r e  is o n l y  o n e  unknown, t h e  a d m i t t a n c e  a ,  i n  t h e  c h a r a c t e r -  
i s t i c  e q u a t i o n .  
= l - K x 2  T h u s ,  LE 
Y 
Now c o n s i d e r  t h e  problem o f  m e a s u r i n g  k,. For t h e  moment, 
assume t h e  d u c t  is i n f i n i t e l y  l o n g  and  o n l y  t h e  l ea s t  a t t e n u a t e d  
wave is p r o p a g a t i n g .  F u r t h e r m o r e ,  assume t h a t  a p r e s s u r e  mea- 
s i i r e m e n t  c a n  be made a t  a n y  l o c a t i o n  x o n  t h e  h a r d  wal l  y = 0. 
T h i s  is a n  a d v a n t a g e o u s  l o c a t i o r .  because i t  is n o n o b s t r u c t i v e  and  
a l so  a t  a presscra a n t i n o d e  for a l l  modes, L e t  t h e  constant 
Po = IPI e i40 i n  E q .  9. 
real ,  k, and i m a g i n a r y ,  k i ,  p o r t i o n s  of t h e  axial  wavenumber k,. 
T h e r e  are t w o  m e t h o d s  to  d e t e r m i n e  t h e  
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The first method is to define pa and pb where 
-1  
+ ( x )  = t a n  (pb/pa) 
( 1 4 b )  
= +o+krx  
T h u s  t h e  a m p l i t u d e  and p h a s e  v a r y  l i n e a r l y  w i t h  d i s t a n c e ,  Henfie, 
k r  and  k i  may be found from t h e  sl.opes of t h e  e x p e r i m e n t a l l y  
d e t e r m i n e d  a m p l i t u d e  and phase measurement .  
The  s e c o n d  method is to  d e t e r m i n e  t h e  t e m p o r a l  cross- 
c o r r e l a t i o n  be tween t w o  p o i n t s  s e p a r a t e d  a x i a l l y .  Let 
- k . ( ~ 2 - ~ 1 )  
c o s ( k r t x 2 - x l )  - U T )  1 = IPl2 e 
Now l e t  R 1 2  b e  n o r m a l i z e d  t o  t h e  s e l f  c o r r e l a t i o n  a t  p o i n t  1 t o  
f i n d  
- R 1 2 ( T )  - k i [ x 2 - ~ 1 )  
R 1 2 ( T )  = R l l ( 0 )  = e  cos(kr(X2-X1 )'UT) ( 1 6 )  
- 
Thus  k, is found by n o t i n g  t h e  phase s h i f t  of R I P  a n d ' k i  by 
n o t i n g  t h e  a m p l i t u d e  of R 1 2 .  
- 
F i n a l l y ,  c o n s i d e r  t h e  p r a c t i c a l  p roblem t h a t  t h e  l e n g t h  o f  
l i n e d  d u c t  is u s u a l l y  f i n i t e .  T h e r e  are t w o  problems: tlie 
8 
i n f l u e n c e  of h i g h  order mod@!s a n d  t h e  i n f l u e n c e  
F i r s t  c o n s i d e r  t h e  p r o b l e m  of h i g h  order modes, 
of reflections. 
L e t  t h e  duct  be 
made of t w o  parts. On o n e  s i d e  is a h a r d  wall  d u c t  i n  which a 
s o u n d  source is located. On t h e  o t h e r  w a l l  of t h e  
d u c t  be l i n e d .  A t  t h e  j o n c t u r e  there will be 1 ec tea wave 
and  a t r a n s m i t t e d  wave i n  t h e  l i n e d  s e c t i o n  ( f o r  t h e  moment we 
n e g l e c t  a n y  r e f l e c t e d  waves i n  t h e  l i n e d  s e c t i o n ) .  T h i s  t r a n s -  
m i t t e d  wave w i l l  be composed of h i g h e r  order modes a5 w e l l  a5 t h e  
l ea s t  a t t e n u a t e d  mode. T h e s e  h i g h  order modes d e c a y  v e r y  
r a p i d l y .  Thus ,  a p lo t  of amplituClc vs d i s t a n c e  from t h e  j u n c t u r e  
w i l l  r e v e a l  a r e g i o n  o f  rapid d e c a y ,  where  t h e  h i g h  order modes 
are i n f l u e n t i a l ,  and  a l i m i t  r e g i o n  c o n t r o l l e d  by t h e  p r o p a g a t i o n  
o f  t h e  l e a s t  a t t e n u a t e d  wave; The least  a t t e n u a t e d  wavenumber 
c a n  b e  o n l y  be measured  a c c u r a t e l y  i n  t h i s  l i m i t  r e g i o n .  How- 
e v e r ,  t h e  r e g i o n  is d e t e r m i n e d  e x p e r i m e n t a l l y  as  i n d i c a t e d  above.  
F u r t h e r m o r e ,  t h e  r e g i o n  of i n f l u e n c e  of t h e  h i g h  order modes c a n  
be d i m i n i s h e d  by making t h e  d u c t  w i d t h  s m a l l e r .  T h i s  o b s e r v a t i o n  
f o l l o w s  by noticing i n  a hardwal l  d u c t  the h i g h  order' modes 
a t t e n u a t e  a t  a rate k = i ( 3 ~ / L ) ~ - - k ~  1 ' 2 c  where  L is t h e  d u c t  
w i d t h .  I n  g e n e r a l ,  o n l y  u s e  t h e  t e c h n i q u e  below t h e  f i r s t  c u t o f f  
f r e q u e n c y  f o r  a h a r d  w a l l  d u c t  of i d e n t i c a l  w i d t h  t o  t h e  t e s t  
s e c t i o n .  
x 
N o w  c o n s i d e r  t h e  problem of r e f l e c t i o - s  i n  t h e  l i n e d  sec- 
t i o n .  L e t  t h e  d u c t  be made o f  t h r e e  par t s .  On e i t h e r  e n d  is a 
s e m i - i n f i n i t e  l e n g t h  of a h a r d  w a l l  d u c t .  I n  t h e  c e n t c r  is a 
l t m i t e d  r e g i o n  of d u c t  h a v i n g  o n e  w a l l  l i n e d .  Near e a c h  j u n c t u r e  
t h e r e  w i l l  be a l i m i t e d  r e g i o n  where  h i g h  order modes are  i n f l u -  
e n t i a l .  T h i s  r e g i o n  is d e t e r m i n e d  a s  b e f u r e .  I n  a d d i t i o n  t h e r e  
w i l l  be a r e f l e c t e d  wave from t h e  s e c o n d  j u n c t i o n .  T h i s  reflec- 
t ed  wave w i l l  be smaller t h a n  t h e  i n c i d e n t  wave in t h e  l i n e d  sec- 
t i o n .  I n  a d d i t i o n ,  i t  w i l l  be a t t e n u a t e d  a s  i t  t r a v e l s  back to 
t h e  i n l e t  j u n c t i o n .  I f  t h e  l i n e r  l e n g t h  is s u i f i c i e n t l y  l o n g ,  
t h e  r e f l e c t e d  wave w i l l  h a v e  no  i n f l u e n c e  on g e I i e r a t i o n  o f  sound 
9 
i n  t h e  l i n e d  s e c t i o n .  Zn e f f e c t ,  t h e  l i n e d  s e c t i o n  is semi- 
i n i i r l l . t e .  To d e t e r m i n e  e x p e r i m e n t a l l y  f f  t h i s  c o n d i t i o n  is 
r e a c h e d ,  o n e  m u s t  test i 3 l i n e r s  o f  d i f f e r e n t  a x i a l  l e n g t h s .  If 
t-hc neasured c o n d i t i o n s  a t  t h e  i n l e t  j u n c t u r e  
b o t h  l e n g t h s ,  then one c a n  c o n c l u d e  t h a t  t h e  r 
n o t  i n f l u e n t i a l .  A t  some d , s t a n c e  awaj from t h e  j u n c t u c e  t h e  t w o  
m e a s u r e m e n t s  w i l l  b e g i n  to d i f f e r .  Where t h e y  b e g i n  to d i f f e r  is 
t h e  l i m i t  of t h e  r a n g e  i n  which  k x  c a n  be measured  a c c u r a t e l y .  
T h i s  w i l l .  be some s h o r t  d i s t a n c e  away from t h e  e x i t  j u n c t u r e  o f  
t h e  s h o r t e r  l i n e d  d u c t .  T h i s  r e g i o n  of i n f l u e n c e  w i l l  be t h e  
same f o r  b o t h  t h e  s h o r t  and l o n g  l i n e d  d u c t .  Hence t h e  measure-  
m e n t s  u s i n g  t h e  l o n g e r  l i n e d  d u c t  c a n  be u s e d  t o  d e t e r m i n e  k,. 
Of , c o u r s e  i t  is a l w a y s  p o s s i b l e  to  s o l v e  t h e  e q u a t i o n  o f  
m o t i o n  e x a c t l y  and  € i t  t h e  o b s e r v a t i o n s  d i r e c t l y  to some rnathema- 
t i c a l  model. However, t h a t  a p p r o a c h  l a c k s  t h e  s i m p l i c i t y  of a 
d i r e c t  measurement  o f  t h e  a x i a l  wavenumber i n  a l i n e d  d u c t  con- 
t a i n i n g  o n l y  the l e a s t  a t t e n u a t e d  wave. T h i s  l e a s t  a t t e n u s t c d  
wave d e p e n d s  d i r e c t l y  on t h e  f l o w  p r o f i l e  4n t h e  d u c t ,  the boun- 
d a r y  c o n d i t i o n  a t  t h e  w a l l ,  and  t h e  acous t ica l  p roper t ies  OE t?ie 
l i n e d  m a t e r i a l .  Presumably ,  i f  a c l e a n  measurement  is made, t h e  
e x p e r i m e n t e r  w i l l  be b e t t e r  ab le  t o  d e t e r m i n e  which o f  t h e s e  
three a s s u m p t i o n s  is i n c o r r e c t ,  s h o u l d  d i s c r e p a n c i e s  ar ise  
be tween t h e  p r e d i c t e d  and  o b s e r v e d  v a l u e s  ~f t h e  a x i a l  wave- 
n uiii b e r. 
10 
C o n s i d e r  t h e  l i n e r  by J ~ 5 c r i b i n g  its m a c r o s c o p i c  properties. 
i n  t h e  
L e t  t h e  l i n e r  be i s c t r o p i c  and  le t  t h e  ma f t h e  
l i ne r  be r i g i d .  Furkherrnore,  assume t h e r e  is n 
l i n e r .  I n  t h e  l i n e d  material, the l i i i e a r i z e d  mass and momentum 
c o n s e r v a t i o n  e q u a t i o n s  are  
z 
pogh E f t- us ?ps = 0 
w h e r e  
(171 
(185 
Here p, a n d  p and u a r e  the f i r s t  order p e r t u r b a t i o n s  cf t h ?  
.is t iw pressure d e n s i t y  and v e l o c i t y  i n  the l i n e d  m a t e r i a l ,  
m e a  a i r  d e n s i t y ,  g is t h e  structure f a c t o r ,  h is t h e  p o r o s i t y ,  
and c, t h e  complex phase v e l o c i t y .  Note t h a t  w e  u s e  the a v r : t a y  
p a r t i c l e  v e l o c i t y  us i n  t h e  p o r o u s  s p a c e  and n o t  t h e  volume v c l o -  
c i t y  which is hcs. 
a c o u s t i c  q u a l i t i e s  i n  t h e  l i n e d  m d t e r i a l .  T h e  i n e r t i a l  mass den-  
s i t y  is l a r g e r  t h a n  t h e  a v e r a g e  mass d e r , s i t y  p h hy t h e  s ~ ~ I : c : , L - - E ?  
f a c t o r  g which is n o r m a l l y  b e t w e e n  1 . 2  an3 2, The pQ:rOSity h i 3  
t h e  f r a c t i o n  of  t h e  l i n e r  n o t  o c c u p i e d  by t h e  mae2rial s t r u c t u r e  
and  is n o r m a l l y  between 0.85 and  0.98 for 2 r a c t i c a l  a c o u s t i c a l  
rrater:als. The f low r e s i s t a n c e  r is d e f . . e d  by tile stcad:’ state 
r e l a t i o n  r’u = -Vps. The complex p h a s e  v e l o c i t y  cs a c c o u n t s  € 9 ~  
t h e  n o n a d i a b a t i c  c o m p r e s s i o n  of a i r  i?, t h e  porous m a t e r i a l  due tn 








C?c w i l l  s e a r c h  f o r  p r o p a g a t i n g  wavE-s i n  t h e  a x i a l  directior,.  
i ( k s x  Y - u t )  
Hence, assum..ng a l l  q u a n t i t i e s  v a r y  as e 3 i v e s  
11 
2 
(201 Ks - -ikp,cgh i;r us = v p, 
(21) 
wheke t h e  n o n d i m e n s i o n a l  q u a n t i t i e s  K, a n d  1.1 are gi 
T h e s e  e q u a t i o n s  g i v e  t h e  wave e q u a t i o n  
where Ks, = ksx/k.  
elernentar:? solat  ions proportional t o  e . 
Thus  t h e  d i s p e r s i o n  relation is 
The  s o l u t i o n  c a n  be c o n s t r u c t e d  €ram 
i(ksx x + ksy y - wok) 




Tl;e poss ib le  v a l u e s  o f  K a r e  d e t e r m i n e d  by t h e  b o u n d a r y  S Y  
c o n d i t i o n s .  \le w i l l  show how t o  d e d u c e  t h e  p r o p a g a t i o n  c o m t a n t  
ks and  t h e  p l a n e  wave impedance  p .!(hpocus) = v2/g f rom t h e  a x i a l  
wavenumber measured  on t h e  h a r d  wa l l  s i d e  of t h e  d u c t .  
s 
T h e r e  are t w o  boundary  c o n d i t i o n s .  One o c c u r s  a t  t h e  j u n c -  
t u r e  of t h e  a i r  w i t h i n  t h e  d u c t  and  t h e  l i n e r  ma te r i a l ,  t h e  o t h e r  
d e p e n d s  OR how t h e  l i n e r  is t e r m i n a t e d  i n  the t r a n s v e r s e  d i r e c -  
t i o n .  T h r e e  t e r m i n a t i o n s  are e x p l o r e d  i n  d e t a i l .  
T h e  f i r s t  t e r m i n a t i o n  is none  a t  a l l .  T h a t  ;s  t o  s a y  t h e  
t r a n s v e r s e  e x t e n t  o f  t h e  l i n e r  is so g r e a t  t h a t  t h e  sound o n l y  
p r o p a g a t e s  away from t h e  j u n c t u r e  w i t h  t h e  d u c t .  Here 
1. 2 
The r e l a t i o n  be tween t h e  Pso, Usxo and U 
momentum e q u a t i o n .  Thus 
is g i v e n  by t h e  
SYO 
p so - v 2  
pocusxo  - qi Ks K s x  
pso - p 2 K  3 s K sy 
S Y O  
P0CU 
t 2 7 a )  
(271.) 
N o w  coiisider a l i n e r  of d e p t h  A t e rm ina ted  by Q hard w a l l ,  
A t  the wall y = L -+ A t h e  t~crmal velocity 11 mus t  v a n i s h .  Thus 
SY 
(28af  
- UsxoCOS(k ( y - ( L  + A ) f ) e  ( 2 8 b )  
u = u  s i n ( k  ( y - ( L  + A ) ) ) e  ( 2 8 c  i 
P, = Psocos(k (y-(L + A ) ) ) e  iksxX 
SY 
ik,,x 
SY u s x  
iksxX 
SY S Y  0 S Y  
where  p,, /PC uSXO is t h e  same a s  b e f o r e  a n d  
u 2  ( 2 3 )  PSO - 
P0CU - -i gi KsKsy 
S Y O  
F i n a l l y ,  consider a l i n e r  of d e p t h  A t e r m i n a t e d  by a q u a r t e r  
. w a v e l e n q t h  r e s o n a t o r .  
m u s t  v a n i s h .  T h u s  
A t  t h e  t e r m i n a t i o n  y = L + A t h e  p r e s s u r e  
i k s x x  
p,= pso5in k (y-(L + A ) )  e ( 3 0 a )  SY 
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is the same as before and Ipc usx* where p, 
Again, the boundary condition at the soft wall is determined 
by the particle displacement condition. Again, we assume an 
infinitesimally thin layer of still air just above the soft wall. 
The particle displacement across this shear layer is E f  = 5, as 
given in Eq. 11. Now the displacement in the linear equation is 
given by 
* 
E, = h 5 ,  ( 3 2 )  
thus 
u ( x ,  L-6,t) = h(l-KxM) u (x,L-G,t) ( 3 3 )  Y SY 
To satisfy this requirement we must set Ksx = K,. 
continuity of pressure requires that 
In addition, 
p(x,L-G,t) = p(x,L+b,t) ( 3 4 )  




I f  the d u c t  width  is const n t  and two liner d e p t h s  




I f  the duct  w i d t h  and liner depth are constanto and t h e  
l i n 2 r  is terminated f i r s t  by Q hard w a l l  and then by a quarter 
wavelength resonator, then t h i s  eqt .nt ion is 
( 1  - K *)kL) 
" 1  
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Consider  t h e  p o s s i b i l i t y  of m o t i o n  i n  t h e  s o l i d  material 
w h i c h  f o r m s  t h e  acoustic l i n e r .  The  b u l k  mass d e n s i t y  Of t h e  
l i n e r  pi  is 
p i  = h p o + ( l - h ) p ,  
a ( l - h ) p m  
( 4 0 )  
w h e r e  t h e  s u b s c r i p t  m r e f e r s  to  t h e  mater ia l  properties, and  t h e  
s u b s c r i p t  s to  t h e  p r o p e r t i e s  o f  t h e  e n t r a p p e d  a i r .  The  m o t i o n  
o f  t h e  a i r  and mater ia l  a r e  c o u p l e d  t h r o u g h  t h e  momentum e q u a t i o n  
I n  t h e  momentur,t e q u a t i o n  f o r  t h e  mater ia l  s t r u c t u r e ,  have  
e x p l i c i t l y  assumed t h a t  i t s  m o t i o n  is d u e  o n l y  to  r e s i s t i v e  
a c t i o n  o f  t h e  e n t r a p p e d  a i r  as  i t  moves past .  t h e  s u r r o u n d i n g  
s t ructure  a t  a ra te  us-um. 
The  s t ruc tu re  a l s o  r e s p o n d s  to  tbe s u r r o u n d i n g  p r e s s u r e  g r a -  
d i e n t s ,  and  to  its i n t e r n a l  s t i f f n e s s ,  Zwicker  a n d  Kos ten  p o i n t  
o u t  t h a t  e v e n  f o r  z e r o  r e s i s t i n c e ,  c o u p l i n g  be tween t h e  s t r u c t u r e  
a n d  e n t r a p p e d  a i r  is p o s s i b l e  by v i r t u r e  o f  the, i n x t i a l  c o u p l i n g  
i n d i c a t e d  by t h e  cj Eactor. However,  w e  w i s h  o n l y  to  i l l u s t r a t e  
how a d d i t i o n a l  m a t e r i a l  eEfects a l t e r  t h e  c a l c u l a t i o n s  described 
h e r e i n .  I n  k e e p i n g  w i t h  t h i s  aim w e  l i m i t  o u r  a t t e n t i o n  to  
simple r e s i s t i v e  coupling. From E q s .  41 and 4 2  we f i n d  
- -  
T h i s  is n o t  t h e  o n l y  p o s s i b i l i t y .  
1 
= l'l(W/W0 T 
1 7  
w h e r e  00 = ( r / p 1 ) -  A t  l o w  f r e q u e n c i e s  w/wg - 0 and um/us = 1- 
T h a t  is t o  say, t h e  material s t r u c t u r e  moves i n  p h a s e  w i t h  the 
a c o u s t i c  wave. 
90° o u t  of p h a s e  w i t h  us and its a m p l i t u d e  is in 
u o / w .  T h i s  ra t ;o  c a n  be r e d u c e d  to zero as w is 
w i t h o u t  l i m i t .  Thus ,  i f  the material pro r f ies  are known 
b e f o r e h a n d ,  a decision c a n  be made as t o  t h e  i n f l u e n c e  of t h e  
material m o t i o n .  
A t  h i g h  f r e q u e n c i e s  um/us = r/-iupl, i . e e r  u, is 
G i v e n  t h e  r a t io  um/usP w e  c a n  d e r i v e  the m o d i f i e d  momentum 
r e l a t i o n  for t h e  a i r  w i t h i n  t h e  p o r o u s  material 
w h e r e  u = - i u p 1 r / ( r - i u p l ) .  T h u s ,  w h e r e v e r  r a p p e a r s  i n  p r e v i o u s  
r e s u l t s ,  u m u s t  now be used .  The  major c h a n g e  is i n  t h e  
e x p r e s s i o n  for  K,, which  is now 
I n g a r d  I121 p o i n t s  o u t  t h a t  t h e  e f f e c t i v e  r e s i s t a n c e  u c a n  be 
descr ibed as a f l o w  r e s i s t a n c e  r i n  pzral ieB w i t h  t h e  s t r u c t u r a l  
mass d e n s i t y  P I .  
T h e r e  is a n  a d d i t i o n d l  c h a n g e  t h a t  ,.?ecds t o  be made. T h i s  
c h a n g e  is to  i n c l u d e  t h e  e f f e c t s  of the riokfon of t h e  s t r u c t u r a l  
material  on t h e  boundary  c o n d i t i o n .  Again,  w e  assume a n  i n f l n i -  
c e s i m a l l y  t h i n  l a y e r  o f  s t i l l  a i r  a t  t h e  mEf: wall.  Mass 
c y n t i n u i t y  r e q u i r e s  t h a t  
1 0  
Noting thak E,/E, = um/us in t h e  structural ~ ~ t @ ~ i a l  gives 
F, = h(l+c)E, 
where 
1-h 1 E = -  
(l-iw/wg) 
The change in the displacement condition alters  the character- 
istic equation to 
The expression for B remains the same as given in Eq. 36. Thus, 
even if the motion of the material becomes important, the same 
techniques may be used to discover the acoustic properties of the 
mater i a l  
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5. 8 
Consider the e€fect of shear flow in t h e  duct. L e t  the wean 
flow i n  the axial directioil depend on the tansverse coordinate, 
Vfy). The l i n e a r i z e d  equations of mass and ~~~~~~~~~ eont%ttitPty 
are 
- 5. D 
Dt - p + p o  P 9 u = 0 1481 
where t h e  adiabatic compressfbility ap/ap = c2 holds and the 
+ V ax now depends on the trsns- convective derivation E = at a D a 
verse coordinate  y .  Assuning all quantities v a r y  a s  
e 
i(k, x-ut) 
q i v c s  .. 
where PI is a function of y. The  wave equation can be derived 
using the corninlitation relation 
thc momentum relation t iy = 2 / ( i  k pGc ( l - l < x P i l ) . .  
recover tfersch and Catton's [171 results 
a V  a u and 5 0) u I - -- - D D aY 82% Y ( V  ~t -
Thtis,  we aY 
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Because t h i s  equation is an ordinary dSffe  
u s e  t h e  Runge K u t t a  t e c h n i q u e  to  d e v e l o p  a n u m e r i c a l  e i g e n v a l u e  
e q u a t i o n .  
a n n u l a r  d u c t s ,  here we a p p l y  t h e i r  t e c h n i q u e  to  t w o - d i m e n s i o n a l  
r e c t a n g u l a r  d u c t s .  A t  
n we c a n  
Mungar and  P l u m b l e e  [le] use t h i s  a p p r o a c h  to s t u d y  
2 'Rx a H  
a ( y )  = l-KxM(Y) (5L-31 
b(y)  = (kL)' [(1-KxMI2 - Kg] (55b) 
a n d  i n t r o d u c e  t h e  column v e c t o r  z w i t h  P and a P / a Y  as e l e m e n t s :  
3P 
f2 = - ay 
The s e c o n d  order wave e q u a t i o n  c a n  be r e w r i t t e n  as t w o  coupled 
f i r s t  order e q u a t i o n s  
or, e q u i v a l e n t l y  
* a -  - f = [F] 7 
a Y  
( 5 8 )  
w h e r e  [ F l  is t h e  m a t r i x  o p e r a t i o n  d e f i n e d  by Eq. ( 5 7 ) .  The 
g e n e r a l i z e d  Runga K u t t a  s o l u t i o n  is t o  d i v i d e  t h e  d u c t  w i d t h  i n t o  
21 
n s u b s e c t i o n s  of l e n g t h  q = L/n. The s o l u t i o n  a t  t h e  j+l(th ps 
is r e l a t e d  to t h a t  a t  t h e  j t h  point by t h e  rule 
w h e r e  
9m2 
m3 = F ( y j  + 4 I f. + -1 3 2 
Each s t e p  is a l i n e a r  t r a n s f a r m  of t h e  form 
5 
= [Xj ] 'E, 
fj+l J 
w h i c h  c a n  be combined to y i e l d  




w h e r e  [ T ]  is t h e  t r a n s f e r  m a t r i x .  
d e f i n e d  by t h e  f u n c t i o n  EZ(y) and t h e  c o n s t a n t s  K, and kL. 
e i g e n v a l u e  p r o b l e m ,  K, is t h e  unknown parameter which is a d j u s t e d  
t o  s a t i s f y  t h e  boundary  c o n d i t i o n s .  I n  t h e  a p p l i c a t i o n  prqcssed 
h e r e i n ,  K, is t h e  measured a x i a l  wavenumber which is w ~ d  to  find 
t h e  b o u n d a r y  c o n d i t i o n s .  T h i s  c h a r a c t e r i s t i c  e q u a t i o n  is found 
T h i s  m a t r i x  is u n i q u e l y  
As a n  
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For a hard wall at the point y = 0 ,  w@ have BQ = 0. PQr the 
soft wall at y = L = nq, we must again assume an infinitesimal 
layer of still air near the wall. Pressure and particle dis- 
placement are maintained across the layer. From the particle 
displacement condition, the acoustic velocity in t h e  transverse 
direction is determined as before. For a point reacting liner 
(ap/ay)/p = (1-KxM)2 poc(u/p), where, at the wall, uu/p is equal 
to the admittance a. For a bulk liner the velocity in the sti l l  
air at the wall must again be related to che velocity in the bulk 
liner by the rule u = u h(L+c), where h is the porosity 
and E the factor accounting for t h e  motion oE t h e  material, 
Hencep the eigenvalue equation is 
YW YS 
fo r  point reacting liners 
( 1 + ~ ) 8  for bulk reacting liners 
( 6 3 )  
1" 1 T11 F K -   i(l-KxM!L) l 2  
The factor 8 is given in Eq. (36). Note thak for uniform mean 
flow the factor T11/kT12 is given explicitly as Ky tan (KykL). 
For shear flow (TI1/kTl2) must be determined numerically from the 
measured values kL, K,, and M(y). 
' If the flow is not two-dimensional, then the above 
mathematical technique cannot be used. In p a r t i c u l a r ,  i f  the 
axial velucity depends on both transverse ccurdfnates V ( y , z ) ,  
then the ordinary differential equation in y becomes a non- 
separable partial differential equation in y and z. Twq 
additional correction terms appear in Eq. ( 5 4 ) :  a2p/az2 and 
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[2Kx/fl-KxM)] [ (aM/az )  (ap/az)] .  An experimental test is to 
d e t e r m i n e  wha t  e x t e n t  p and  W depend  on  t h e  o t h e r  t r a n s v e r s e  
c o o r d i n a t e .  For t h e  p r e s s u r e  m e a s u r e a e n t ,  t h i s  c a n  be d o n e  o n  
t h e  s i d e  of t h e  d u c t  with a probe f lush-mount@ 
An a l t e r n a t e  e x p e r i m e n t a l  t e c h n i q u e  is to p e r f o r m  t h e  
m e a s u r e m e n t  i n  a n  a n n u l a r  duct..  The f a c t o r s  a ( y )  and  b ( y )  are 
changed  to  f u n c t i o n s  o f  t h e  rad ia l  c o o r d i n a t e  a s  i n d i c a t e d  by 
Mungar and  P l u ~ b l e e  t l81 .  The  h a r d  w a l l  at y = 0 is replaced by 
a n  i n t e r i o r  c i r c u l a r  c y l i n d e r  a t  r = K O .  The soft wal l  becomes 
t h e  e x t e r i o r  c i r c u l a r  c y l i n d e r .  Fo r  p o i n t  r e a c t i n g  l i n e r s  t h e  
a d m i t t a n c e  is d e f i n e d  as before. For b u l k  r e a c t i n g  l i n e r s  t h e  
f a c t o r  B may be r e d e f i n e d  by r e p l a c i n g  t h e  L x p o n e n t i a l  a n d  
t r i g o n o m e t r i c  f u n c t i o n s  o f  &he t r a n s v e r s e  c o o r d i n a t e  w i t h  t h e  
a p p r o p r i a t e  Harikel and Bessel f u n c t i o n s  of t h e  r ad ia l  c o o r d i n a t e .  
I n  a d d i t i o n ,  the test must  be done  so t h a t  t h e r e  is n o  a z i m u t h a l  
mean Elow on, pressure variation. 
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A method to d e t e r m i n e  t h e  a c o u s t i c a l  properties o f  both 
l o c a l l y  a n d  i t an loca l ly  r e a c t i n g  a c o u s t i c a l  
f1.036 is described. The met’rod is to rite~:sure the a x i a l  wavenimbbcr 
k / x  i n  a flow d u c t .  Detai ls  are p r e s e n t e d  for a t w o - d i m e n s i o n a l  
d u c t  l i n e d  orl OM s ide  w i t h  a b u l k  r e a c t i n g  l i n e r  and  on  :he 
o t h e r  w i t h  a h a r d  w a l l ,  t h o u g h  t h e  t e c h n i q u e  a l so  appl ies  fn 
c y l i n d e r e d  and  a n n u l a r  d u c t s .  Because t h e  a x i a l  wavenumber c a n  
be f o u n d  frcm pressurz m e a s u r e m e n t s  on t i re  s i d e  of khe d u c t ,  i t  
s h o u l d  be e a s y  to  jmplement  i n  t h e  l a b o r a t o r y .  Sample c a l c u l a -  
t i o n s  h a v e  been i l l u s t r a t e d  f o r  f i n i t e  t i i i c k n e a s  liners back?d by 
a h a r d  wall or by a q u a r t e r  W a v e l e n g t h  rasorzator (3 soft w a l l )  
a n d  a lso f o r  t h e  spec ia l  case when t h e  l i n e r  may be r e g a r d e d  d s  
i n t i n i t e .  The e f f e c t s  o f  mean flo.: and s h e a r  f l o w  h a v e  also b e e n  
c o n s i d e r e d ,  F b r t h e r m o r e ,  t h e  i n f l u e r i c e  of t h c  motion of the 
material  matrix Eor:ning the l i n e r  has been considr-red i t a  the 
special case when liner s t i f f n e s s  can be n e g l e c t e d ,  
For p o i n k  r e a c t i n g  l i n e r s  t h e  a c o u s t i c a l  mater ia l  is c h r -  
a c t e r i z e d  by i t s  a d m i t t a n c e .  3 e c a u s e  o n e  p a r a m e t e r  describes t h e  
mater idl ,  o n l y  o n e  measurement  must  b e  done a t  e a c h  f r e q u e n c y ,  
Bulk  r e a c t i n g  l i , i e rs  are d e s c r i b e d  by t h e  p r o p a g a t i o n  c o n s t a r i t  
Ks, a n 6  p l a n e  wave impedance 2.  Because two p a r a m e t e r s  must  be 
d e t e r m i n e d ,  t w o  r n e a s u r m e n t s  m 1 3 s t  be made a t  e a c h  f r e q u e n c y .  
T h e s e  c a n  be d o n e  w i t h  d u c t s  o f  t w o  w i d t h s ,  w i t h  t w o  t h i c # n e s s e s  
of l i n e r  mater ia l  hacked  by a hard w z l l ,  Ly a s i n g l e  t h i c k n e s s  o f  
l i n e r  mater ia l  backed by a h a r d  w a l l  and q u a r t e r  w a v e l e n g t h  
r e s o n a t o r ,  or to  c h a n g e  c o n d i t i o n  by any p e r m u t a t i o n  o f  t h e  
a b o v e  . 
The i m p o r t a n t  p o i n t  is t o  provide s u f f i c i e n t l y  d i f f e r e n c  
e x p e r i m e n t a l  c o n d i t i o n s  so t h a t  two s i g n i f i c a n t l y  d i f f e r e n t  
v a l u e s  of t h e  a x i a l  wavenumber are measured .  
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